1. Consider a group G of order N, written in linear homogeneous form in terms of the variables xx, x2, ■ ■ ■, xn. Let the multipliers of Si, any substitution of G, be 6X, 62, •••, 6n, and designate by x, ^ne "characteristic"f -f f?2 +-\-6n of S.. We shall now prove the Lemma. If <=i then will G have an absolute invariant, linear in xx, x2, ■ ■ -, xn. $ Let tx, t2, ■ ■ ■, ¿"be arbitrary constants.
The expression ( Sx + S2 H-(-8N)(txxx + t2x2+-h tnxn) = / will be an absolute invariant of G of degree 1, if it does not vanish identically.
If it does, then must the coefficients of the terms txxx, t2x2, • ■ ■, tnxn of / each be = 0. Accordingly, if the sum of these coefficients is 4= 0, then / ^ 0. But this sum is readily found to be N TiXii=l Hence the lemma. We shall now prove the following Theorem.
The number of linearly independent absolute invariants of G of the first degree in xx,x2, ■ ■ -, xn is equal to _ N UXi' Transactions, vol. 4 (1903), p. 387, and vol. 5 (1904) , p. 310. 
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Sx, = X+ X¡%í. Now, if 5Z%i 4= 0, we have an absolute invariant of degree 1 in z2, z3, • • •, z , and G' must be intransitive, its variables breaking up into two systems containing, respectively, 1 and n -2 variables.
We would find that $Z%¡ = X+ S%¡ • Continuing thus, we see the truth of the theorem of degree m.
We prove the corollary by constructing from G the group whose variables are all the different terms of degree m in the letters x,, x2, ■ • ■, xn, and then applying the theorem given.
In case the group constructed (which is isomorphic with G) is of order Njk, we write each of its substitutions k times before applying the theorem, regarding the entire set of N substitutions as forming a group.
2. Let it be proposed to find an upper limit to the least order of existing absolute invariants of a given group G.
We shall take as an illustration a group in 3 variables.
The quantity ^m) is here represented by Collecting, in the left-hand member, all the terms having the same factors 6".', mdm or m ( m -1)0'", this member takes the form (2) liril + mEirA + m^-l)!^, i i i
where the coefficients X, Li and Mi are independent of m. A root 6, occurring never more than once among the multipliers of the different substitutions of the group, will appear in only one term ( 6mK) in (2) ; a root 0, occurring twice as a multiplier in some one of the substitutions of G, will appear as a term dmK and as a term mdmL in the expression (2) ; etc. Accordingly, there are as many terms in (2) as there are different multipliers in G, each multiplier counted once, twice or three times, according as it occurs once, twice or three times in some one or other of the substitutions of G (e. g., the root 1 must be counted three times, occurring three times in the identical substitution).
Let us designate this number by P. Taking now in turn m = 1, 2, 3, • ■ -, I', we have I' equations, the righthand members of which cannot all be zero unless the determinant obtained by eliminating the quantities Kt, Li and M. is zero (the quantities K~t, L. and M. are not all zero, as their sum = N, as shown by putting m = 0 ). Now, this determinant is readily found to be the product of the first, second, or third powers of the differences of the various roots 6 and does, therefore, not vanish. Accordingly, there must be at least one absolute invariant of G whose order is not greater than P . Again, it is evident that I' Ss 3 times the number of conjugate sets of substitutions of G. Hence, generalizing our results we see that a linear homogeneous group G in n variables must have at least one absolute invariant whose order is not greater than n times the number of conjugate sets of substitutions of G.
3. Having given two isomorphic groups, we may construct an intransitive group and employ the corollary to show the existence or not of invariant bilinear functions of the two sets of variables.
Thus, let the two isomorphic groups be G and G in the variables xx,x2, ■ ■ -, xn and xx,x2, -■ -,xn, G being obtained from G by replacing in the latter every variable and coefficient by its conjugate imaginary expression. Hx and H2, whose characteristics are elementary symmetric functions tj>'. and tj>" (the substitutions of each being repeated such a number of times that the total number equals the order of the isomorphic group G), we prove that £ tp'. tf>'! = k2 X. This process may be continued, and we prove finally that 1=1 where a. is any function of the elementary symmetric functions of the multipliers 0X, e2,..., dn. Now, any integral symmetric function with integral coefficients of a certain number of quantities 6X, 62, • • •, 6n can be expressed as an integral function with integral coefficients of the elementary symmetric functions of the same quantities.
The corollary follows.
5. A substitution-group G in n letters xx, x2, ■ • -, xn may be written as a linear homogeneous group G' whose variables are the n letters given. The multipliers belonging to a substitution S oí G can be written down immediately by the following rule : to each of the letters xx, x2, ■ ■ ■, xn left unchanged by S belongs a multiplier 1, to a cycle of S of order a belongs the a different ath roots of unity.
The characteristic of 8, i. e., the sum of the multipliers is therefore equal to the number of letters left unchanged by S. Accordingly, by the theorem of § 1, the average number of letters which remain unchanged by a substitution of a group G is equal the number of linear invariants of G ; i. e., is equal the number of transitive sets of G* This theorem may be readily extended by Corollary 2 by taking for tb. the sum of the 2d, 3d, • • •, powers of the multipliers of the corresponding substitution of G. We find immediately that the total number of letters occurring in all of the cycles of a given order m is a multiple of the order of the groupe 6. A number of theorems of like nature may evidently be proved by purely arithmetical means, and will be more or less different according to the mode in which the given group is represented.
We shall here mention only two such, one by Frobenius and one by Maillet. If n is a factor of X, the number of substitutions of G satisfying the equation 8" = 1 is a multiple of n.\ Write G as a regular group of degree N.
If By considering in turn the coefficients of tpa, tnipa, ■ • -, t"°pa we find that they are all = 0 (mod. pa).
It follows that the number of substitutions satisfying Sn= 1 is =0 (mod. pa) and is therefore also = 0 (mod. n).
If G contains substitutions which leave unchanged nt>= n letters (identity), nx letters, • ■ •, nr letters, this list containing all the substitutions, then is the order X of G a factor of (n0 -nx)(n0 -n2) ■ ■ ■ (n0 -nr).* Let the number of substitutions of each kind be respectively h0 = 1, A,, h2,---,hr.
Then, by choosing for (¡>. of Corollary 2 in turn 1, %,, (X,-)2, (X,)3, • • ■ we obtain the congruences which includes the theorem stated.
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*Maillet, Annales de la Faculté des Soiences de Toulouse, 1895, p. 8.
